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Motivation

& Amplitudes & Phenomenology

& masses do matter
& non-planar diagrams may contribute
& integrals diverge

& from the beauty of simple formulas (in special kinematics)
to the beauty of the structures (in arbitrary kinematics)

Path

&Multiloop Integrand Decomposition: exploiting dimensional regularisation

&Magnus Series for Master Integrals



High Energy Physics Goals: Loops vs Legs

Legs
A &
5 :
Indirect searches
4 High precision
Loops *
2
: Direct discovery

o High multiplicity




Complexity: Loops vs Legs

Slow progress:
one unit O(10ys)

limitations:
many kinematic invariants

many particle masses

B 2006

with Parke and Taylor
in good company up fo CQO



Complexity: Loops vs Legs

One-Loop Revolution
Dramatic impact
on Collider Phenomenology

2015

>> Kunszt, Kosower



Why is it all that difficult?

Feynman Diagrams ~ The realm of Integral Calculus
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Why is it all that difficult?

Feynman Diagrams ~ The realm of Integral Calculus
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Turning Integral Calculus into an Algebraic Problem
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Amplitudes Decomposition:
the algebraic way

a=axi + ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components



Projections :: On-Shell Cut-Conditions

vanishing denominators

1

> O(p® —m?)

p? —m? — 10




Completeness Relations: cutting “1”

® the richness of factorization

1 (-1) = 1

> L) (W =1

(p* =m?) = (p—m)(p +m)

eV — ghg? '



Completeness Relations: cutting “1”

® the richness of factorization




SuperGravity @ 40
MHV @ 30
TASI lectures @ 20

Integrand-Reduction @10

unitarity at integrand level

Ossola Papadopoulos Pittau (2006)
Ellis Giele Kunszt Melnikov (2007)
Ossola & PM. (2011)

Badger, Frellesvig, Zhang (2011)
Zhang (2012)

Mirabella, Ossola, Peraro, & PM. (2012)



One-Loop Integrand Decomposition

L - Naulg, p?) _

one—loop __ 2¢ 4 2 IRy n\4» =3

An p_/d u/qun(q,u), An(%u):DoDr“an DZ:(q+pz)2—m?:(q+pz)2_m3_u2
We use a bar to denote objects living in d = 4 — 2¢ dimensions qd=4q¢+f, with 672 = C]2 — ,Lbz -

—1

M @ the integrand—level Ossola, Papadopoulos, Pittau
A (q 2) £ C5,0 C4,0 1 C4,4M4 C3,0 + 63,7,u2 C2,0 + 62,9,u2 C1,0
i 1 DoD1DyD3Dy ~ DyDyDyDs DoD1Dy DoD1 Dy

cs.0 + fo1234(q, 1?) L G40 + cqap + for23(q, 1?) L @30 + ez 71 + fo12(q, 1?) L €20 + ca.9p® + fo1(g, 1?) L Lo + Jfo(q, (1?)

DoD1DyD3Dy DoD1DyDs DoD1 Dy DyD; Dy

M f's are “spurious” ==> integrate to O Il



Improved Integrand Red’n

Integrand Reduction

universal

N(q, 1 Niyiy...in (¢, 1)
Ai i | 5 _ R i 7: _ _’Ll’LQ_...'lk; 7_

1m(q’u) eSlmm{Dleg-.. 7, Z Z D; Dz ... D;
polynomial

n k=(m—4+1) 11<i2<...<i ! 2 Uk

non-polynomial non-polynomial

\,
__
O

&integrand subtraction required!

a+bx+cx”N2 +...

Ossola Papadopoulos Pittau

+Z-"T_
) A;
+% : +35A\+2+:©—« +




Improved Integrand Red’n

Integrand Reduction with Laurent series expansion Forde; Kilgore; Badger;

universal o

5
Ail-..im (q,,u2) _ Resil...im{ _ N(g/%)l; B Z Z Ailz’g...z’ CLMZ)}

. D, 4, ...D, D/-ﬂ ... D
polynomial TR k= (mAl) n<ia <<y T AR T
5 . polynomial polynomial
+bx+cxN\2+ ..
. - a'+ b’ x+c xN2+ ... a’ + b x+c”" xN2 + ...

diagonal

iagonal

@coefficients of MlI's::a=a’+a”

@Laurent Series implemented via univariate Polynomial Division Mirabella Peraro & PM. (2012)



2.2.2 Quintuple cut

: ] = M e N(q
The residue of the quintuple-cut, D; = ... = D,, = 0, defined as, Aijnem () = Resijrem #q_) _ é@%kfm) i
Bl eoo D :
2.2.3 Quadruple cut
The residue of the quadruple-cut, D; = ... = Dy = 0, defined as,
il _
N((j) & Az 'kzﬁm(Q) 7 i ) 2 g
Bkl = Reswkf{m =2 55000 [ = b T Ou Ot (4R 1) (s - ea)aa—(Ks - es)as(er - e2),
O i<<m " m

2.2.4 Triple cut
The residue of the triple-cut, D; = Dj = D;, = 0, defined as,

—_

N(Q) - A'ijﬁm ((j) Aok Aijki@ (q_) }
A; i eyl D N — Y L Y - i VA
i#(9) = Resie { Dy - - Z D;D;DypDyDp, Z D;D; Dy Dy

SAM U RAI Ossola Reiter Tramontano PM. (2010)

Scattering AMplitudes from Unitarity-based Reduction Algorithm at
. the Integrand-level

<<m

(ig) (@7 (i5) (ig)

9 4 ),u + < e 1 — Cg‘?m — ng)ﬂ??))(ﬁ re2) + <02 5ot + C(U)% tCag 3 — ¢ AT S 391993) (1 - e9)?

2 2,9

2.2.6 Single cut
The residue of the single-cut, D; = 0, defined as,

—1 — n—1 K n—1 _ = _
7 N (@) N () Aire(Q) Ayr(@) }
Aiq:ReSZ—— i A T—g — E
2 {Do +Dn—1 KZ D;D;DyD,;D,, Z; D;D;DyDy [ DiDiDe = DiD

= o (e + e — el — ) er-e2)



2.2.2 Quintuple cut

The residue of the quintuple-cut, D; = ... = D,,, = 0, defined as, Aijrem(7) = Resgjrem Lq__) _ é@%kfm) M
Bl eoo D ;
2.2.3 Quadruple cut
The residue of the quadruple-cut, D; = ... = Dy = 0, defined as,
| _
N(q) X Asjrem(q) ijkl)  (ijke ikt (i5k0) (z k0
Aijke(q) = Reswkﬁ{m e ;ﬂ D;D; Dy Dy Dy, e I Pt —( 1 Feg )[(Ks - eq)Ta— (K3 - 63):63] (e1-e2),
2.2.4 Triple cut
The residue of the triple-cut, D; = Dj = D;, = 0, defined as,
N((j) i ik Azykﬁm(@) i Aok A'L]k@(q_) }

2 Res”k{ﬂo . =2 Dub.DwDiDm 2= BiDiDuD: S e A NS,

SAM U RAI Ossola Reiter Tramontano PM. (2010) l

S N I NIA Mirabella Peraro PM. (2013) C++ Peraro (2014)

Integrand decomposition via Laurent expansion

2.2.6 Single cut
The residue of the single-cut, D; = 0, defined as,

4 n—1 A i n-l A gt LR e (@) n—1 Ay (q)
Ai(q) = Res; Ok - Z - _ij’fém_(q)_ = Z St A fjkg_(Q)_ a e .
Do+ Dpq « DiDiDyDeDmy 2, DiD;jDyD, {5, PiPiby i Dib;

(1) (1)

B C% (Cgl)lx n Cg )237 = Al 41’93) (e1 - e2) .




The GoSam Project

Cullen van Deurzen Greiner Heinrich Luisoni
Mirabella Ossola Peraro Reichel Schlenk
von Soden-Fraunhofen Tramontano P.M.

Subtraction Born & Real emission

Monte Carlo
(Madevent, Sherpa, Powheg)

MC Interfaces
Beyond SM
EW Physics
Top Physics

(Samurai, Ninja, Golem95)

Higgs & Jets



The path to Hjj; @ NLO

Challenges

* effective Hgg-coupling:

higher rank :: r <n+2

the rank r of the numerator can be
larger than
the number n of denominators

™ Extending the Polynomial Residues

Mirabella Peraro PM.

qg — Hqg 48 NLO
H+2] 926 NLO
qq' — Hqq' 32 NLO
qq — Hqq 64 NLO
qg — Hgg 179 NLO
gg — Hgg 651 NLO
H+3j 13179 NLO
qq' — Hqq'g 467 NLO
qq — Hgqg 868 NLO
qg — Hqgg 2519 NLO
gg — Hggg 9325 NLO

» Over 10,000 diagrams
» Higher-Rank terms

» 60 Rank-7 hexagons




pp --> Hjjj with GoSam

@H]] with GoSam + Sherpa (Amegic) vanDeurzen Greiner Luisoni Mirabella Ossola Peraro

vonSodenFraunhofen Tramontano & P.M.

@Hiii with GoSam + Sherpa + MadGraph4 Cullen VanDeurzen Greiner Luisoni Mirabella Ossola Peraro

Tramontano & P.M.

@Hjii (virtual) with GoSam2.0: improved reduction (Ninja) vanDeurzen Luisoni Mirabella Ossola Peraro & P.M.

&Hij, Hjj, Hjjj with GoSam2.0 + Sherpa (Comix): a new analysis
Greiner Hoecke Luisoni Schoenherr Winter Yundin

» Cuts: 8 TeV, anti-kt R = 0.4 jets with pr > 30 GeV, |n| < 4.4
» PDF: CT10nlo for LO, CT10nlo for NLO

partons

Hy =\/m¥} +phg+ > pr
A

100 Total inclusive cross section with gluon fusion cuts at 8 TeV
g H+1 jet LO [ H+2 jets LO [] H+3 jets LO [ ] . R ~.] | [— noscmw - oscmo
= HL1 jet NL HL2 NL H : NL ] B N e I o — NLOCCTI0 -- LOCCT10|]
ﬁ i et © I T2 jets O T3 Jets O i Y IS : — NLODCT1I0 -- LODCTI10
5 10 b 0.7 ! N :
& T F :
- = — ]
= = . i 0.6 |
, — — N _
T = o = Tty = - .-E"OS
3
= - = 5
- ] 04}
I GoSam+Sherpa |
0.50 L | msherpa
045 E o o T2/ R Tzyp R . 3 03}
godoE B S —
§0.35 g T S , : :
g —a— —a— —a— E
0.25 E = ' 7 : - . pp— H + 3 jets at 8 TeV :
Oés( 2T )3043 (mH)2 Ofs( 2T 5 s (mH) 01 0f5 i é

T, fRr = fbp = T flg




o - - | 4 Mirabella Peraro PM. (2012)
G Osam + N |n]a. more app S van Deurzen Luisoni Mirabella Ossola Peraro PM. (2013)

Peraro (2014)

Benchmarks: GoSAM + NINJA

Process # NLO diagrams | ms/event
W +3j du — vee™ ggg 1411 226
Z+3j dd — eTe ggg 2 928 1911
Z77Z+1jg uu — ZZZg 915 | *12 000
WWZ+1j uu — WTW~Zg 779 *7 050
WZZ+1j ud - W+ZZg 756 *3 300
WWW4+1j ud = WTW Wty 569 *1 800
2277 wi— 2227 408 |  *1070 faster,
WWwWWww uf_L—>WjLW_W+W_ 496 *1 350 hlgher aCCUFacy,
1D (my, % 0) dd — tiblz 275 178 more stable

gg — ttbb 1 530 5 685 /
t+2j g9 — thgg 4700 [ 13827 no-problem with
be_+1j(mb750) dlﬁg—>ue+e__bb 708 *1 070 mUItlple Mmasses
Wbb+1j5(my #0) ud — et v.bbg 312 67

ud — et bbss 648 181
Wbb+2j(my #0) ud — e v bbdd 1220 895

ud — et v.bbgg 3923 5387

- dd — veet Dy, bb 292 115
W W bb(my #0) 99 — y:eh;Zsz} 1068 | *5 300
WWbb+1j(my=0) | utt — veet v, " bbyg 3 612 *2 000
H+3jin GF 99 — Hggg 9 325 8 961
_ u teTe™ 14 122

21 TEX A 0| 5
ttH+1j gg — ttHg 1517 1 505
H+ 35 in VBF uwu — Hguu 432 101
H +4j7in VBF uu — Hgguu 1176 669
H+ 535 in VBF uwu — Hggguu 15 036 29 200

Table 2: A summary of results obtained with GOSAM+NINJA. Timings refer to full color- and

helicity-summed amplitudes, using an Intel Core i7 CPU @ 3.40GHz, compiled with ifort. The

timings indicated with an (*) are obtained with an Intel(R) Xeon(R) CPU E5-2650 0 @ 2.00GHz,
8-particle with internal and external masses compiled with gfortran.




Towards Higher Loop

[ JProblem: what is the form of the residues?

v o

Product of trees | =
or chopped diagram Polynomials

&find the right variables encoding the cut-structure”

@ variables

e ISP’s = Irreducible Scalar Products:
— g-components which can variate under cut-conditions
— spurious: vanishing upon integration

— non-spurious: non-vanishing upon integration = MI’s

Ossola & P.M. (2011)




Zhang (2012); Badger Frellesvig Zhang (2012)
Mirabella, Ossola, Peraro, & P.M. (2012)

® Quantum Field Theory ® Algebraic Geometry

& Unitarity-Cuts, Vanishing denominators & Polynomial equations, ideals

& Cut-residue & Remainder of polynomial division

& Amplitudes factorization in tree-amplitudes & Polynomials in quotient rings
Amplitude decomposition Multivariate Polynomial division

>> Zhang, Badger



Multivariate Polynomial Division

Zhang (2012); Badger Frellesvig Zhang (2012)
Mirabella, Ossola, Peraro, & P.M. (2012)

&ldeal Fiveoie =Dy, Dy ) = { ] he(z)D;, (2) : he(z) € P[Z]}
&Groebner Basis Giri. =191(2),...,9m(z)}
Gt = a1 s9m) = { 3 (o)) o) € Pl |
k=1

n-ple cut-conditions Wy Sawe =00 S 22 i = oo = G, —



Multivariate Polynomial Division

&ldeal

@Groebner Basis

n-ple cut-conditions

&Polynomial Division

Zhang (2012); Badger Frellesvig Zhang (2012)
Mirabella, Ossola, Peraro, & P.M. (2012)

hw(z)D; (z) : hy(z) € P[z]}

Girein =191(2) - - -, gm(2)}
Tiriim = (G5 -+ Gm) = {ZBH(Z)QK(Z) hi(2z) € P[Z)}

[‘5 Remainder ~ Residue

Ao (z)]

&Quotients

Zz 1 QZ( ) ( )
- Z/\/‘?ﬁl---im_lml---in (z)D; (z) .

belongs to the ideal J;,...;, ,

7/1 'Ln




Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)

mn
j\/;,l’l,n e ‘/\/;1 D — ].ZK',—|—]. An szi A'len
Ds 00555 0

lk—1 41

k=1



Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)

mn
N;:]_...in . Ml"‘iﬁ—liﬂ+1"°in %{/ _|_ Ail---in
1Dl 50100 I{Zﬂ ) R o S T S

remainder = residue)

k
7 A E P R I Ay i
11t — 11U —11% In |
1 1 1 1tk41 D D
K=

integrand

n-denominator
integrand .
(n-1)-denominator




Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)

® (-Loop Recurrence Relation

b -
—— -

/l_

n-line
graph

- P
> — )+ 5
Pinches / L |
coefficient Master functions
(n-1)-line product of simpler amplitudes

graph

[ all orders (any number of loops and legs)
[ any topology (planar and non-planar)
[ all kinematics (massless and massive)

[ high-power of denominators



Multi-Loop Integrand Decomposition

Mirabella, Ossola, Peraro, & PM. (2012)

&Divide & Conquer approach

T . = Niy iy
11 *ln D/LlD i oL DZ

n

n n
Toi= 3 Aiyig.imax Py Ailio. imax—1
Zl--"l,n T D D ,.,D- D D ...D.
1=11 <<tmax 1112 tmax 1=i1 <<ipmax—1 11192 tmax — 1
n n
_|_ : : A'I;]_/I:Q...imax—2 _|_ ...... —|_ Z A/Ll’lQ _I_ Z Z]_ _|_ Q@

1=i1 <<imax—2 "1 1=1i1

SINGULAR< @ workl



The MaXimum'CUt Theorem Mirabella, Ossola, Peraro, & P.M. (2012)

At any loop /4, loops we define maximum cut as the set of vanishing denominators
Do=D;1=...=0

which constrains completely the components of the loop momenta. O-dimensional

We assume that, in non-exceptional phase-space points, a maximum-cut has a finite number
ns of solutions, each with multiplicity one.

Then,

¥

Theorem 4.1 (Maximum cut). The residue at the mazimum-cut is a polynomial para- -
matrised by ns coefficients, which admits a univariate representation of degree (ng — 1). g

R r—— | *———-—-—-———J



Examples of Maximum-Cuts

diagram A ns || diagram A Ns

AQ Cp 1 &)y + [y = 2




One-Loop Integrand Decomposition  d=4-2¢

@ Choice of 4-dimensional basis for an m-point residue
2 2 2 2
e} =e5; =0, e1-er =1, e5 =e; = Opma, e3-e4 = —(1 — dpa)

@ Coordinates: z = (z1,22,23,24,25) = (X1,X2,X3,X4,M2)

u 2 2 2
44-dim = _Pll +x1 e +xeh +x3 33 + x4 €, d = d4-dim — M
@ Generic numerator
Z o Zl Z2 Z§3 Zf Z§5, (j1...js) suchthat rank(N;,...;,) < m

N

@ Residues

reproducing:
Aj iyizigis = €0 Ossola Papadopoulos Pittau
2 2 Ellis Giele Kunszt Melnikov
Ajiyiziy, = €0+ c1x4 + p(c2 + c3x4 + pcy)
2 2 2
Aj iris = o + c1x3 + x5 + 03x§ + caxq + c5x5 + c6xi + p=(c7 4 cgx3 + coxyg)

2 2 2 2
itip, = Co + C1X2 + C2X3 + C3X4 + C4X; + C5X3 + CeXy + C7X2X3 + CoXpX4 + Colt

Ail = o + Cc1X1 + C2Xx2 + C3X3 + Cax4




Longitudinal and Transverse Space

® Dimensional Regularization

d =4 — 2¢

® if n-legs <5

d:d//+dJ_

Transverse Space

Longitudinal space
spanned by the
(independent) legs

M Denominators do not depend on “the angular variables” of the Transverse Space ) |

[ Numerators depend on “all" loop variables



Integrating over Transverse Angles

Peraro Primo P.M. (to appear)
® Spherical Coordinates

8@ 1-loop

I :/dnm(x), n=d,

n
A=) avi, ViV =0y TN = B0, k@ o @ 1)
1=1
a1 = Acosf;
as = Asin 6 cos s
lar = A cos O, Hf;ll sin 0;.

n-= 00 o : .
I = ?n_k)/() d)\z()\2)T2H/ dcos@i(sinei)”_z_2f1()\2,{COS@',SIH@})




Integrating over Transverse Angles

Peraro Primo P.M. (to appear)
® Spherical Coordinates

;@@ 2-IOOp I, = /dnAldn)\QIQ()‘la >‘2)7 n=d,

n
Al = E a; Vi, Ay = Zbivi- Aij = Ai = Aj To(A1, A2) = Ta(Nij, {ar, a2, ..., ar},{b1,b2, ..., bi}).
a1 = /A1 cosfqy b1 = v/ Aa2 (cos b2 cos b1 + cos g sin b1 sin O12)
L A12
112 ) bi = v/ Aa[cosbiacos O [1'2) sin b1 + cos Opr128in 6y [T, sinb);
. /)\ )\ _ ]'4;_1 . ‘ i 22 }2 il 1= i1 i+12 il 1lj=1 ]g
11122 ar vV )\11 COS ekl Hz:l Sin 9@1 —cos0;1 2222 cos 0.9 COS@k_”H?;ll Sinejz((sik-l- (1 _5ik) H;;If Sin9k+l_11)].
oryn—k-1  roo noo [ w2 [ | )
IQ = ( ) d)\11(>\11) 2 d)\QQ()\QQ) 2 d cos ng(sm (912)” 3><
2 (n—k —1) Jo 0 ~1

1 k
/ H d cos Hlld COS 9i+1 Q(Sin 92-1)”_@_2 (SiIl (97;_|_1 2)"_1_3120\11, )\22, {COS 9,@1,2, sin (92'1,2})
—li=1

&@ higher-loop... as well



Gegenbauer Polynomials

® Orthogonal polynomials
orthogonal polynomials over the interval [—1, 1]

weight function i) = (L :1:2)0‘_%

enerating function =
. . (1— 2xt + t2)e nz::l Gt

C(ga) (:L') =" 5 251‘4 (@) 9
7 = [0 )
@)= 2o, it 2L SR
O (@) = —a+ 20(1 + @), B ey 1 O+ G
'~ el @ + O @)
® Orthogonality condition
1 1—2a
2° 721 '(n 4 2a)
d cos 0(sin 0)°* 1C’(O‘) cos 6 C( ) (cosh) = § .
| dcostising) (008 YO (008 0) = B e Tl

M Integration over Transverse Angles: trivialized @ all-loop!
Peraro Primo P.M.



One-Loop Integrals (¢ =4 2)

d‘q N(q) =
]dN :/ : D; = Q+ij +mi,  po=0,
S e 7Y
parametrization 4] ’ 14 = &y =
ﬂﬁlntegration N = K /OO ﬁdx-/ood 2( 2)Ci2;6/\/($¢,u2)
variables & - w5 i " Jo s 1=, D

2 0
D, = (qu+ Y p;) +p?+md, o \/det(aqm 3(1[4m).

83% 8:13]'



One-Loop Integrals (d=d, +d.)

& loop momentum
. a .« o @ e 2% ) 2
parametrization " =q + A7, A = Zx?eﬂ’ q" = Qi T A7,

k-dimensional the space spanned by the external momenta

= Z -Cl?je? + u?, N = Z ZC? + ,uz, (d — k)-dimensional orthogonal subspace.
j=k+1 Jj=k+1

IYN] = d¥ g d)\ (A?) = H dcos@ (sin ;)4 k12 ./\/'_(q) .
N i=0 ~i

=
S
|

: 2
:N(Qﬁg]a)‘27{xk+la ooy 564}) D; = (q[k;H-ij) +)\2+m%.
=0

M Denominators do not depend on “the angular variables” of the Transverse Space ) |

M Integration over {)) : Gegenbauer orthogonality condition
Spurious integrals vanish automatically!



3 2
& Four-point integrals I{IN] = / dj/[g] / dd_g)‘/\gqgjg 54)'
T 0&12723

T4 = A cos b

1

1 i d—5 . _
ij[./\/'] = 7T2F(@) /d3q[3]/0 dA2(\?) 2 / dcosHl(smHl)d g
2

—1

® Examples

1
di—3

1
[écll[)‘z] — 5 éil+2[1]7

2
=S

If[=3] =

I{[z3] =

M Gegenbauer integration produces powers of ;i = A; - \;

N (qp3, A2, cos 61)
DyD1D3Ds




& Three-point integrals { €3 = Acos by

T4 = Asin 64 cos 0y

1 i aa [1 : _ 1 N (g1, A2, {cos 01, sin 67, cos B })
Id N / d2 / d>\2 )\2 > / d 0 0 d—5 < / . d—6 d[21; N\ 1, 1, 2
5[N] T ( d—54) d[2] . (A7) » cos 01 (sin 0) B d cos 02 (sin 05) DD, Dy :

€«

Two-point integrals

To = Acos bty
r3 = Asin 64 cos 62,

T4 = A\sin 67 sin 05 cos 63

d 1 ® a2z [ ek R 2
IZ[N] :W/dqm/ dA~ (A7) 2 / d cos 61 (sin 07) ></ dCOSHQ(SiH@Q)d_E)/ d cos 3 (sin 03) %6 x
mT(5%) 0 -1 L X
N(q[l], A2, cos 6, sin 07, cos s, sin Oy, cos 03)
DoD; :
1 B2 4 (! _ 1 N (qio1, A2, cos 07, sin 0y, cos 0 x3 = Acos 6
Ig[NHp2:0 :W/CPQ[Q}/ d)\z()\Z)dT/ dcosc91(51n91)d_5></ d cos 92(Sin02)d_6 (q[2] 1 1 2)j 3
™I (%5) 0 -1 | DoDy T4 = Asin 07 cos Oy
€ One-point integrals [ 21 = Acoséy,
< T9 = Asin 6 cos O,
r3 = Asin 67 sin 05 cos 03
| T = A sin 64 sin 05 sin 03 cos 0,4
1 - a2 1 . 1 .
]f[/\f]:m/ d>\2(>\2)7/ d00891(SiH91)d_3/ d00891(SiH91)d_4></ dcosﬁg(sinﬁg)d_5></ d cos 03(sin 63) %75 x
Bl 0 =1 -1 = —1

N(qm , A2, cos 01, sin 6, cos 0, sin Oy, cos 03, sin O3, cos 6)
Dy




One-Loop Integrand Decomposition (d=d, +d, )

® Adaptive Unitarity ® =gy +2%, D= (CI[k] i ij)2 +A2 4 m?
i=0

k
o) e 2
afy = D_ zseds A
j=1 . Cutting in different dimensions
reducible according to the # of legs

&1-loop :: always MAXIMUM CUTS

& New residue parametrization

\ﬁ, Aiomizx = Cp.

"~ 2 3 4 A
Ajyig = Co + 174 + 2Ty + c3x] + c4xy,

2 2 3 2 2 3
j> Aioiliz =Cp + C1T3 + CaTy4 + C3T3 + C4X3T4 + C5Ty + CX3 + CTL3T4 + CRT3TY + C9Ty.

@7 Ajgiy =Co + €172 + C2T3 + C3T4 + C4T2T3 + cyToT4 + CeT3T4 + C7T5 + CTH + CoT.

w@w Aigiy|p2—o =Co + 171 + c2x3 + €374 + C4T1T3 + c5T124 + CeT3TL + C7$% + 68x§ + 09x?1.
\§ J

4
Q Aio = Co + Z C;X;
i=1




One-Loop Integrand Decomposition (d=d, +d, )

® Adaptive Unitarity

& Integration of the Residues over Transverse Angles

ddq A2'07517322'3 _ d 1 dry2 3 dry4 d 1 d+2 3 d+4
/ 742 Dy Dy, Dy, Dy | col[1] + (d— 3)0214 AT+ (d—3)(d 1)6414 N = colf[1] + 56214 1]+ 16414 [1].

dq  Nigivis | 4 1 dry2 d 1 d+2
E / w2 D D Dy col3[1] + (d—3) (e3 + c5)I5[N] | = coI5[1] + 5(03 +¢5) 1577 [1].

dlq Ny d 1 diy 2 1
( > / d/2 DZ_O;); :Eofz 1] + (d—3) (7 +cs + o) I5 (A7) | = coI[1] + 5(07 + e + o) IST21].

O [t
7Td/2 Dio Dil

1 1
:EO I$[1] + e1I5[w] + cr IS [ai] + gt co) I§[N?] F eol5 1] + erl o] + er I (2] + 5 (es + co) I T2 [1).
p>=0 .

/Wd/2 Di col7[1].

O

-----

reducible



Divide et Impera
Philip IT of Macedon

-
- -
-

Divide et Integra...
...et Divide



Divide-et-Integra-et-Divide

& Additional Polynomial Division

Peraro Primo P.M.

)\2
reducible
divide infegra  divide
Topology AV Aiﬁt in A;o rin
7 T Y ! N N
01234
{1} — —
T 5) 3 1
0123
{173747%4217%27%?1} {17)\27)‘4} {1}
7 10 2 1
012 E 1 2 2 .3 .2 2 .3 12
{ 7$3,$4,$3,$3$4,$4,$3,$3$4,$3$4,$4} { ) } {1}
T ( > 10 2 1
02
{1,3}2,%3,334,x%,$2$3,$2$4,$§,$3$4,$i} {17)\2} {1}
o 10 i 3
01
{1,$1,$3,ZC4,x%,$1$3,$1$4,$§,x3$4,$i} {17'/131737%7)\2} {1,%1,37%}
O ’ ) )
{1, 21,22, 23, 24} {1}

M minimal number of irreducible non-spurious monomials (irr. scal. prod.s)!

M Second polynomial division <==> Dimensional Recurrence @ integrand level




Two-Loop Integrals  (d=4 - 2¢)

dlq1d%s N'(q1, q2
Ig[N] ™ / d ISI _ )7 qp = Q?[4] +ui, g = qg‘[4] + 1, Mi * g = Mijy Qi * G5 = Q4[4] * 9j[4] T Hij>
i Yi
& |oop momentum =
P afg =D mef, a5y = Z% 5

parametrization

2d—61C. KC V1122 ey
Ig[N] s / dxzdyz/ d,ull / d,u22/ d,LL12 1122 — /1,12) 2 X N(xj’ Yis ,uz'j)
7T5F d 5 H M11M22 H,L DZ )



Two-Loop Integrals (d=d, +d.)

& loop momentum

(87 (87 (87 (0% (8%
T = + A = + A k<3
parametrization @ = hp T 2T DR T )
k k
a e A 2
TNk — Z Lk Dolk] — Z Yi€5 > k-dimensional space spanned by the external kinematics
4 4
F = Z T je?‘ + uf, 5 = Z yje? + pud (d — k)-dimensional orthogonal subspaces,
Tht1 = \/>\11 COS 011 Yk+1 = V )\22 (COS 912 COS (911 -+ cos 922 sin (911 sin (912)
4
Ty = /A11 c0s 04 H;l:—lk sin 6,1 Y4 = vV A2 [cos 012 05834_k 1 H?;]f_l sin Ojll —1|— cos O5_j.osinfy_jq H?;lf sin 94ij l
— COS 04—]4: 1 21;2 COS 9[ 2 COS 95_1 1 Hj_zl sin (9]'2 (54—k:l = (1 = 5k—4l) Hm_zl_ sin 91+m_1 1)] 5

\

1 4—k

d cos 012 (sin Glg)d_k’_?’ / l d cos 6;1d cos 6; 11 2(sin 9¢1)d_k_i_2(sin Oir12)" " =

—1 ;4

M Denominators do not depend on “the angular variables” of the Transverse Space ) |
M Numerators depend on “all" loop variables

M Integration over {)) : Gegenbauer orthogonality condition
Spurious integrals vanish automatically @ all-loop!



Two-Loop Integrand

& Divide-et-Integra-et-Divide

Decomposition

Peraro Primo & P.M.

reducible
Topology A At A/ Topology A Alnt A’
. ? 60 (+16) — — Timises j:‘:[ 160 93 16 (+6)
12345678 {1’x3’$4’y4} — — {17x37y47y37y4} {17$37y37)\117)\227>\12} {1,$3,y3}
180 22 2(+2
T 85 (+9) - - 123467 ]j> (+2)
1245678 {1, 23,24, y2,y3,ya} {1, y2, M1, Ag2, A1} {1, 42}
{17$17$3a$45y4} - -
45 (115) S j} 180 101 35 (+4)
- - 123457
1235678 ﬁ:[ a \ {1, 23,24, y2,y3, Y4} {1, 23,92, y3, A1, A2z, A} {1, 23,92, 93}
y X3, T4, ) - -
3. T4, U5, U ) jz[ 115 66 34 (+1)
94 53 7(+3 12357
I1345679 <} (+ ) {17373737472/172/2,%,:94} {17‘7:3’y17y27y37)\11,/\22>/\12} {17$3ay1ay2»y3}
{17$27$37I4ay4} {17I27x37>\117 >\227A12} {1,.%'2,.’133} . 180 103 59 (+1)
12457 N
T345678 ji[ 06 35 9(+1) {1, 21,73, 74,Y2,Y3,Ya} {1, 21,73, Y2, Y3, A1, Ao2, A2} | {1, 21,73, 92, Y3}
{21, 22,23, 04, ya} | {1, 21, T2, T3, A1, Aoz, M2} | {1, 21,22, 73} o E 180 33 12 (+1)
cutLa34s7
{1, 0,23, 24, Y1, Y3, Y4 } {1, 22, y1, A11, A2z, A2} {1, 2,51}
Planar I 115 20 5(+1)
12367 D
{1, 23, 24,91, Y2, Y3, Ya } {1, y1, y2A11, A2z, A1} {1, y1,y2}
180 8 1
Topology A 13467 @
{17»’62,373733472/2,213,3/4} {1’/\117>\227>‘12} {1}
TA 45678 {2} 64(+16) 100 2% 16
{1, 23, 24,94} Toae7
A {1, 21, 29,23, 24, Y2, Y3, Ya } {1, 21, 22,92, A1, A2, A2} {z1, 22,902}
96 (+20)
B 100 26 16
Li2345678 jzi 1 Tis67 ’—@
{1, 23,93, ya} {L, 21,22, 23,24, Y1, Y3, Y4} {1, 21, 22,91, M1, A2, M2} {1, z1,22,1}
170 (+15) 100 8 2 (+1)
T | < on-Planar Tusr )
{1, 23, 24,93, 94} N {1, 21, 22,73, 24, Y2, Y3, Ya } {1, 21, A1, Aoo, Ara} {1, 21}
Topology A Alnt A’ I.. g } 45 18 15
184 105 19 (+6) {1, 21, 22, w3, 24, Y1, Y2, Y3, ya} | {1, 21,22, 41,92, M1, Aoz, Mo} | {1, 21,92, 22, Y2}
T123457 E
{1ax37y47y37y4} {171.37:']37)‘117)\227)\12} {1,35373}3} 1147 'rl@— 45 9 6
<> 240 30 4(+2) {1, 21,20, 23, 24, Y1, Y2, Y3, Y4 } {1, z1,y1, A1, Ag2, A1} {L,z1,y1}
134567
{1,253, 24,92, y3, ya} {1, y2, M1, A2z, A2} {1, 42} T @ 35 4 1
245 137 51 (+4) {1, 21,2, w3, 24, Y1, Y2, Y3, Y4} {1, A1, Aoz, Aia} {1}
Lo34567 jZL
{1, 23, 24,92, 93, ¥4} | {1, 23,92,¥3, A1, Aoz, A2} | {1, 23,92, 93}

™ Arbitrary (external and internal) kinematics!




The Geometry of Cut-Residues

Peraro Primo & P.M.

® (-Loop Recurrence Relation

_~
e

/l_

n-line
graph

- B
2 — o+ e
Pinches / e
coefficient Master functions
(n-1)-line product of simpler amplitudes
graph

(polar coordinates)
Harmonic expansion of the residue:
Rotation Invariance manifest



Towards 2-loop Automation

® Application of the Integration over Transverse Angles

M Simplifying the integrands to be reduced
Removing the transverse direction ==> less coefficients to be determined

M Generalising and extending to all-loop the R2-integration



Towards 2-loop Automation

® Application of the Integration over Transverse Angles

M Simplifying the integrands to be reduced
Removing the transverse direction ==> less coefficients to be determined

M Generalising and extending to all-loop the R2-integration

® Integrand Reduction + IBP-id’s

@Impr‘oved IBP Solver Reduze; Fire;...

“ﬁAlgebraic Geometry Methods

Kosower Gluza Kaida; Ita; Larsen Zhang;

>> Zhang



J[ Basis :: Master Functions

l J
dy
X “‘ |

dy

® Tree level >/< §\< KnOWH!

® One Loop

>©é % Known!

@ Higher Loops ﬁ ﬁ Vé
% Vé ?Unknown?



Differential Equations for Master Integrals

a:v — — A(d7 QIZ)

kinematic variable space-time
(s,t,u, masses) dimensions
/

Kotikov; Remiddi;

Gehrmann Remiddi

Argeri Bonciani Ferroglia Remiddi P.M.
Aglietti Bonciani DeGrassi Vicini
Weinzierl

Henn;

Henn Smirnov & Smirnov

Henn Melnikov, Smirnov

Caron-Huot Henn

Gehrmann vonManteuffel Tancredi

Lee

Argeri diVita Mirabella Schlenk Schubert
Tancredi P.M.

diVita Schubert Yundin P.M.

Papadopoulos
Papadopoulos Tommasini Wever



Quantum Mechanics

&Schroedinger Eq'n (g-linear Hamiltonian)
ih 0| W (t)) = H(e, t)|V(1)) , H (e, t) = Ho(t) + eH (1)

& Interaction Picture
H,1(t) = BI(t) Hi(t) B(t

& Matrix Transform

ih 8, B(t) = Ho(t)B(t) B(t) = ¢~ # Jig rHo ()

0§Schroedinger Eq’n (canonical form)

ih Oy Wr(t)) = e Hy ()| Wy (t)),



Argeri, Di Vita, Mirabella,

Magn us ExpanSiOn Schlenk, Schubert, Tancredi, PM. (2014)

&System of 1st ODE

0:Y(x) =A(x)Y(x), Y(xg) =Y. A(x) non-commutative
&solution: Matrix Exponential
Y (z) = &%) ¥ () = @) Yy, Qz) = ZQn(x) :
n=1

Ql(x) = /xdTlA(Tl) 3

T

() = 5 / o / dry [A(r1), A(m)]
t 1 T2
Oua) = ¢ [ dn [ dn [ dry (A, (A, A + [A(), [A(), AT
& Iterated Integrals
Ch] —— . . = f o ¥ Lo d
P A= dlogn;, ... dlogn;, = g5, (tk) . g; (¢1) dta ... dig g; (t) = — logn;i(y(t))
~ 0<t1<...<tp<1 dt Chen
Goncharov
Remiddi Vermaseren
g Gehrmann Remiddi
af o’ B

CT%Y] Cf[?] — Cf??] '—'—'Crn[ﬁ] = Z Cpb] Cz[k]zl = Zcz'[k,]...,z‘pﬂ Cz[p]zl Bonciani Remiddi P.M.
=l p=0 Vollinga Weinzierl
Brown

Duhr Gangl Rhodes



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® Quantum Mechanics ® Feynman Integrals
& Time-evolution in Perturbation Theory & Kinematic-evolution in Dimensional Regularization
@perturbation parameter: € @space—time dimensional parameter: € = (4-d)/2
& Linear Hamiltonian in & & Linear system in €
& Unitary transform & non-Unitary Magnus transform
& Schroedinger Equation & System of Differential Equations
in the interaction picture (e-factorization) in canonical form (e-factorization) Henn (2013)
& solution: Dyson series & solution: Dyson/Magnus series

WEL - @

&Feynman integrals can be determined from differential equations that looks like
gauge transformations

boundary term
(simpler integral)



D rEI l -Yan @ 2 IOOp EW_QC D Bonciani, Di Vita, Schubert, P.M. (to appear)

+ qg(p2) = 1" (p3) + 11 (p4), W,Zy
q(p1) 3(192) _(pg) s (P4) q N
q(p1) +q (p2) = U (p3) + v(pa) - % ! |
7 _
pi=p5=p3=p;=0 W.Zy
L ! ~ ! + Am’ 4. expansion is £ = Am?/m¥,

No-mass T-mass 2-mass
known new new

& System of 1st ODE

dT = edAT with dA=A,de+ A,dy dA =" M; dlogn,
1=1



® 1-Mass

&31 Mls

&alphabet: 6 rational letters

@solution: GPLls



® 2-Mass

&36 Mls

&alphabet: 12 rational + 5 irrational letters

& solution: Iterated integrals
:: semi-analytic results for O :: numerical boundary conditions



Summary and Outlook

™ IntegrANDS

- Multi-Loop Integrand Reduction

& Complete Development :: for generic kinematics
& Exploiting DimReg :: Adaptive Unitarity and Transverse space integration

& any loop :: we are at the same point as OPP for 1-loop.

& Applying symmetries to the coefficients w/in the integrand decomposition

& FDF: simple implementation of FDH scheme for generalised unitarity cuts
Fazio, Mirabella, Torres, PM (2014)

. @ = = M T
& B(J relations @ tree-level in DimReg w/in FDFPrimo, Schubert, Torres, PM (2015)

@ BCJ relations @ 1-Loop Chester (2016)

Primo, Torres (2016)

M IntegrALS

& Multi-Loop Master Integrals evaluation

& Differential Equations (analytic as well as numerical) :: Magnus Exponential

& exploiting Path invariance

& MI’s in different dimensions ==> Adaptive Differential Equations?

& Numerical methods also very promising



Simplicity is the dawn of Discoveries

@ Factorization

&Find a region in the parameter space where the answer look simple

@ Evolution algorithms :: Unitarity :: Recurrence Relation, Differential Equations, Exponentials

&1to go from simple to complex configuration



Simplicity is the dawn of Discoveries

‘5 Factorization

&Find a region in the parameter space where the answer look simple

“5 Evolution algorithms :: Unitarity :: Recurrence Relation, Differential Equations, Exponentials

&1to go from simple to complex configuration

& A(hother) beautiful, simple, innocent equation

momentum k. If we set this phase to zero, it is easy to show that that the change in the polarization ‘
vector caused by a change in the reference momentum is given by:

k) = 6 (k) ~ VE S, (2.23)

Mangano Parke i

™M Transversality & on-shellness ™ Little Group transform

™M Gauge invariance/Ward Id'y ™M Momentum twistors
™ (holomorphic) Soft Factors M Color/Kinematics duality



